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1 Introduction 

A characteristic feature of the Schrodinger equation is the loss of the localization of wave packets 
during evolution, the dispersion. This effect can be measured by L°°-time decay, which implies a 
spreading out of the solutions, due to the time invariance of the L 2 -norm. The well known fact that 
the free Schrodinger group in IR n considered as an operator family from L 1 to L°° decays exactly 
as c • t~ n / 2 follows easily from the explicit knowledge of the kernel of this group |16l p. 60]. For 
Schrodinger operators in one and three space dimensions with potentials decaying sufficiently rapidly 
at infinity, similar estimates have been proved in [TO] for the projection of the group on the subspace 
corresponding to the absolutely continuous spectrum (without optimality). This approach uses an 
expansion in generalized eigenfunctions together with estimates developed in inverse scattering 
theory [pj. 

In this paper we derive analogous I/°°-time decay estimates for Schrodinger equations with de- 
caying potentials on a one dimensional star shaped network. In the following we shall outline the 
setting and our main results. Let us introduce some notation which will be used throughout the 
rest of the paper. 

Let Ri,i = 1,...,N, be N(N G IN, N > 2) disjoint sets identified with (0, +oo) and put TZ := 
UfcLi^Rfe. We denote by / = (fk)k=i,...,N — (/l, In) the function on TZ taking their values in IR 
and ft is the restriction of / to Rt. 

N N 

Define the Hilbert space H — J^J L 2 (Rk) with scalar product ((wfc), (vk))u = S ^ (uk, Vk) L 2^ Nk ^ 

fc=i fc=i 
and introduce the following transmission conditions : 

N 

(u k )h=i,...,N € JJcCrT) satisfies it, (0) = u fe (0)Vi,fe= 1,...,N, (1.1) 



N N 

(u h ) k =i,...,N G Y[ C^Th) satisfies ^ "£f( 0+ ) = °- ( L2 ) 

fc=i fc=i 
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Let Ho : T>(Hq) — > Ho be the linear operator of Ho defined by : 

V(H ) = {(life) G H 2 (R k ); (w fc ) satisfies ([TTJ, |L2j)} , 

Ho(ut) — (Ho,kUk)k=l,...,N = ( , 2 )fe=l,,,.,Af = — Atj. 

The operator Ho defined above is self-adjoint and satisfies that his spectrum a(Ho) is equal to 
[0, +00) (see [2] for more details). 

For any s G IR, let us denote by Ll(lZ) the space of all complex- valued measurable functions 
4> = (4>i, ■ ■ ■ , 4>n) defined on 1Z such that 

W&WlKiz) ■= \ 1^(^)1 i x Y dx = ^2 / \^>k{x)\{x} s dx<oo, 

where (x) = (1 + |x| 2 ) 1/2 . This space is a Banach space with the norm || • 

d 2 

Let V G L 1 (1Z). Denote by H the self-adjoint realization of the operator — — + V(x) on L 2 (TZ) 

dx 2 

and his spectrum cr(H) — [0, +00) U {a finite number of negative eigenvalues} (for more details see 
[S] chapter 2). 

We verify that the free Schrodinger group on the star-shaped network 1Z satisfies the following 
dispersive estimate (see Section [3} 

Our goal is to assume as little as possible on the potential V = V(x) in terms of decay or regularity. 
More precisely, we prove the following theorem. 

1.1 Theorem. Let V € L 7 (TZ), with 7 > 5/2 and assume that below holds. Then for all 

Mo, 

\\e ltH P a JH)\\ , < C \tr 1/2 (1.3) 

where C is a positive constant and P a c(H) is the projection onto the absolutely continuous spectral 
subspace. 

As a consequence, we have the following L p — L v estimate. 

1.2 Corollary. (L p - L p ' estimate) 

orerr 

e ltH P ac (H)\\ , , <C\t\-p + i, (1.4) 



Under the assumptions of Theorem \l.l[ for 1 < p < 2 and ± + — 1 we have for all t ^ 



where C > is a constant. 



Moreover we have the following Strichartz estimates which have been used in the context of the 
nonlinear Schrodinger equation to obtain well-posedness results. 



1.3 Corollary. (Strichartz estimates) Let the assumptions of Theorem \l.l\ be satisfied. Then for 
1 . 2 _ 1 



2 < P, (] < +00 and + § = | we /iaue /or all t 



V PUH)f\\ Lq{m Lvm) < C ||/|| 2 , V/ G n L 2 (^), (1.5) 

where C > is a constant. 

As a direct consequence, see [H], we have the following well-posedness result for a nonlinear 
Schrodinger equation with potential. 

Let p G (0, 4) and suppose that V satisfies the assumptions of Theorem 11.11 Then, for any 
uo G L 2 (TZ), there exists a unique solution 

ueC(m,;L 2 (Tl))n f| Ll c (M;L p (1l)) 

(p,q) admissible 



of the equation 

iu t - A n u + V u ± \u\ p u = 0, t / 



«(0)=«°,i = 0, (L6) 



and where (p, q) is called an admissible pair if (p, q) satisfies that 2 < p, q < +oo and ~ + =■ = ^. 

1.4 Remark. Another direct consequence of the dispersive estimate (|1.3[) or of the L p — L v (|f .4|l 
estimate is that we can construct, as in [18], the scattering operator for the nonlinear Schrddinger 
equation with potential. 



The paper is organized as follows. The second section deals with a counterexample which shows 
that the decay of the Schrodinger operator from L 1 (7?.) to L°°(TV) as \t\ goes to infinity is not 
guaranteed for all infinite networks, fn section [3] we prove the dispersive estimate for the free 
Schrodinger operator on star-shaped networks and we give some direct applications. The expansion 
in generalized eigenfunctions needed for the proof of Theorem lf.il is given in section [4] In the last 
section we give the proof of the main result of the paper (Theorem ll.il) . 

The main lines of our arguments are the following. The counter example (section uses explicit 
formulas for eigenfunctions of the laplacian on infinite trees from |14| . The L°°-time decay of the 
free Schrodinger group on a star shaped network is reduced to the corresponding estimate on IR 
using an appropriate change of variables (section [3]). The task of finding a complete family of 
generalized eigenfunctions for the Schrodinger operator with potential on the star shaped network 
is reduced to the case of the real line by separating the branches and extending the equations on 
IR with vanishing potential. The generalized eigenfunctions on IR resulting from techniques from 
[9] are then combined to families on the network by introducing correction terms to establish the 
transmission conditions. Using results of [9] for the real line case, we derive estimates showing 
the dependence of the generalized eigenfunctions on the potential. This enables us to prove a 
limiting absorption principle and then to derive an expansion of the Schrodinger group on the star 
in these generalized eigenfunctions (section |4| following [3l [4] . The proof of the L°°-time decay is 
divided in the low frequency and high frequency part, essentialy following the lines of [10]. For 
the high frequency components, the potential appears as a small perturbation: the resolvent of 
the Schrodinger operator can be expanded in a Neumann type series in terms of the resolvent of 
the free Schrodinger operator. By inserting this in Stones formula and exchanging the integration 
over the frequencies and the summation of the Neumann series, one reduces the estimate to the 
free case. For the low frequency components one uses the expansion in generalized eigenfunctions 
derived in section 2] especially the qualitative knowledge of the dependence of the generalized 
eigenfunctions on the potential. This enables us to construct a representation of the solution as 
the free Schrodinger group acting on a well chosen (artificial) initial condition, which encodes the 
influence of the potential. Then one concludes using the results of section [3] 

Our approach does not furnish optimal results, as for example the estimate in 1161 p. 60] for 
the free Schrodinger group or the results of 5 . This is due to the fact, that the use of Neumann 
type series and qualitative estimates from inverse scattering theory are to rough for this purpose. 
We conjecture that optimal estimates could be achieved in terms of an asymptotic expansion of 
first order following the lines of [5], where this problem has been solved for initial conditions in 
energy bands for the Klein Gordon equation with constant but different potentials on a star shaped 
network. To deal with non constant but localized potentials (starting in the real line case), one 
could first derive this asymptotic expansion of first order for potentials which are characteristic 
functions of intervals, the corresponding spectral theory being well known (using stationary phase 
arguments as in [5]). Then one could approximate general potentials by step functions, inspired by 
[7]. This type of results should exhibit L°°-time decay as consequence of the asymptotic dynamics 
of wave packets as in [161 p. 60] and [5] and should show that these dynamics are essentially the 
same as for the free Schrodinger group, if the potentials are sufficiently localized. 

Another perspective would be the application of the present results to the existence of global small 
solutions of Schrodinger equations with a nonlinearity which is sufficiently flat at zero, following 

Note that the general perturbation theory for semigroups [121 ch. 9, thm. 2.12, p. 502] is applicable 
but not useful for our purposes: it yields that the difference between the (semi-)groups generated by 
the Schrodinger operator with potential and the free one grows at most proportionally to t, which 
engulfs the time decay at infinity. Nevertheless it furnishes additional information for small t. 
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The Trotter product formula |16t thm. X.51, p. 245] is also applicable, but cannot establish L- 
infinity time decay either: it consists of an approximation of the perturbed group by long alternating 
compositions of values of the free Schrodinger group e ltH ° and the group of multiplication operators 
with e ltv but for small values of t. Thus even the explicit knowledge of the kernel of the free 
Schrodinger group is not useful for time-decay, because the factor i~ 1//2 becomes effective only for 
large t. 

The direct application of the variation of constants formula leads to the same phenomenon as the 
perturbation for semigroups: without a refined study of the superposition of the waves generated 
by the potential, the rough estimation of the integral term leads to a bound growing as a constant 
times t. 



2 A counterexample 

Consider the infinite network 1Z = Unewen, where each edge e„ = (n,n + 1) with the set of vertices 
V = UngiNWn, where v n = {n}. For a fixed sequence of positive real numbers a = (a n )nelN, we 
define the Hilbert space L 2 (1Z, a) as follows 

L 2 (1Z,ct) — {u = (u n ) ne ssi : u„ G L 2 (e„)Vn G IN such that a„ I \u n (x)\ 2 dx < oo}, 

new 

equipped with the inner product 

Similarly for all k £ IN*, we set 

H k (TZ, a) = {u = K)neiN G L 2 (TZ, a) : (u^neK G L 2 (1l, a) W G {1, 2, . . . , k}}, 

where u„ means the £ derivative of u„ with respect to x. 

Now we consider the Laplace operator — A a (depending on a) as follows: 

D(-A a ) = {u = (it n )»£)N G H 2 (TZ,a) : satisfying (2/7]), |g3J), (HJl below }, 

uo(0) = 0, (2.7) 
u„(n + 1) = u n +i(n+ l),Vn G IN, (2.8) 

a„^(n + l) = a„ +1 %±i(n+l),VnGlN. (2.9) 
dx ax 

For all u G 2?(— A a ), we set 

d 2 u 

At Ll 11 n \ 

By section 1.5 of |14] , this operator is a non negative self-adjoint operator in L 2 (lZ,a). 

Moreover in Theorem 1.13 of [14] it was shown the 
2.1 Theorem. For all k G IN*, —k 2 ir 2 is a simple eigenvalue of — A Q if and only if 



a 



In that case the associated orthonormal eigenvector <p^ = (ip^) n eiN is given by 

/2 (— 1)^" — ^ k 
sin(A;7r(x — n)), Va; G e„, n G IN. 
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Now assuming that (|2.1U|) holds, then for any k £ IN* we consider the solution u of the 
Schrodinger equation 

dtu — iA a u = 0, 
u(t = 0) = <p [k \ 
or equivalently solution of 

d t u n — idlu n = 0, in e n x IR, 

u (0,i) = 0, on IR, 

u n (n + 1, t) = u n +i(n + l,t) on M, Vn £ IN, 

a n u' n (n + 1, i) — a n+ iu' n+1 (n + 1, t) on IR, Vn G IN, 

u(t = 0, •) = <p lk] on 71. 

This solution is given by u(t) = e~ ttk n <^>' fc '. Moreover simple calculations show that 

[2 1 [2 1 

\\u(t)\\ 00,11. = \ - sup — 1| sin(fc7r(- - re))||oo,e„ — \ - sup — , 

V S nETN a n V S nETN a n 

which is independent of t and then does not tend to zero as \t\ goes to infinity. On the other hand 
u(t = 0, •) belongs to L 1 (7?.), since we have 

IK*)ILi(w) = ^2 —|| sin(fc7r(- - n))|| L i (en) < \/2~s. 
new n 

In other words, we have proved the 

2.2 Theorem. // 12. 1 0\) holds, then the norm of the Schrodinger operator e ltA ° from L l (TV) to 
L°°(TZ) does not tend to zero as \t\ goes to infinity. 

This counterexample shows that the decay of the norm of the Schrodinger operator from L 1 (TZ) 
to L°°(7Z) as [t| goes to infinity is not guaranteed for all infinite networks. Hence the remainder the 
paper is to give some examples where such a case occurs. 

3 Dispersive estimate for free Schrodinger operator on star-shaped 
network 

3.1 Theorem. (Dispersive estimate) 
For all t £ 0, 

where C > is a constant. 

Proof. Let Vj, j = 1, .., ., JV, a solution of the following problem 

d t v 3 = -idlvj, IR + x IR+, 

N 

Vj(t,0) =vi(t,0), ^2d x Vj(t,0) =0, IR + , 
Vj(Q,x) = v°(x), IR+. 

If we denote by wi = S ' Vj and Wj — Vj — Vi, V , j = 2, TV. 
3=1 

Then Wi satisfies 

' dtwi = —id%w\, IR + x IR + , 
d x wi(t,Q) = 0, IR+, 

N 

wi(0,x) = S Vj(x), IR + , 
2=1 
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and Wj, j — 2, N, satisfies the following problem 

r dtWj = -id 2 x Wj, IR+ x IR+, 

< Wj(t,0) = 0, IR+, 

{ Wj(0,x) = v°(x) -v1(x),1R + . 

By an odd reflexion transformation applied to wi, we obtain Wi(t, x) = / 



which verifies 



wi(t, x), x > 0, 
— u>i(t, —a;), x < 0, 



-id^wi, IR 2 , 



(0,x) = y^v°(x), IR, 



where = 



x > 0, 
v°{-x), x < 0, 



= 1, iV. So, according to the dispersive estimate for Schrodinger 



operator on the line (see [12] or [16] for more details), we have 



IK|| i oo ( )R+ ) < ll^l|l L ~(]R) ^ C 1*1 " 



3=1 



, V («°) e l 2 (h) n L r (jV), (3.12) 



L!(R) 



where C > is a constant. 
Which implies 



H v 3° 

3=1 



L 1 (IR) 



With the same manner and by an even reflexion transformation applied to Wj, j = 



2,...,iV i.e. 



j(t,x) = 



Wj(t, x), x > 0, 
i(t,-x), x < 0, 



j = 2, N, we have 



IkfclLo.cB.) < llwilli-fB.) < 2C |t|"i ||«? - w?!!^ , V (»?) G £ 2 (ft) n L 1 ^), (3.13) 



where C > is a constant 



Since, Vj = Wj + vi, Vj = 2, iV and Vi + + wi) = Wi => Vi = — wi — — w 



7=2 



3=2 



Fl||i~(E.+) 



Thus (pT2)) - pT3)) imply that 

3=2 

where C > is a constant. 

According to the above we have 



s£w-»E(iwi 



4- D U 

ii(n+) II 1 llii(iR+) 



j,V(n°)eL 2 (K)nL'(4 (3.14) 



«i 



_L°°(Ht+) 



JV 

<4c i*|-'E(IKI 



3=1 



, II 1 1 
£1(11+) lr 1 lli 1 (E.+ 



) 



(3.15) 



and 



IKIIi,°°(]r+) < lkfcL=o(]R+) + II u i|Il= ( ir+) 



< 2C 



oil L || on 

•» llil(K+) II 1 IIl1(]R.+ ) 



3=1 



li 1 (lR+ 



1*1 — * ( 

) , V(v°) g L 2 {ii)rM\ii) 



+ 



(3.16) 



ll«illx.-(R+) < 8C E II^Li ( m+) ' V ^°) G i2 ( M+ ) n Ll ( IR+ )' V ^ ^ 2 - ( 3 - 17 ) 



Finally we obtain for all t ^ 0, (v°) G L 2 (TZ) n L 1 (7?.), 



< 4 (2AT — 1) C ^ |K|| Ll(M+) = 4 (2JV - 1) C |*|~ * , (3.18) 



3=1 



which implies (|3.1ip . 



□ 



We have the following result as a direct consequence for a dispersive estimate for free Schrodinger 
operator on a star-shaped network. 

3.2 Corollary. (LP - L p ' estimate) 

For 1 < p < 2 and - + -p- = 1 we have for all t ^ 0, 



< c \t\-p + ^ 



where C > is a constant. 



Proof. According to (|3.11[) we have 



sup |*|* ||e ltJ/Q /|L < c ll/L , v/ e l\tz) n £ 2 (ft). 

Interpolating with the L 2 bound e' ti3 °/ = ||/|| 2 , leads to 



(3.19) 



sup|i|-i + 5 ||e itHo /|L, <C ||/|L,V/ €L\H) (1L 2 (R), 



(3.20) 



where 1 < p < 2. It is well-known that via T*T argument (|3.20|) gives rise to the class of Strichartz 
estimates 

.. ... . •> I I 

(3.21) 



l e ** H °/|L«fj i p^ C 'll/lla. V~ + i = ~, 2<g<+co, 2 < p < co. 
1 " L t y L ic> q p 2 



The endpoint q = 2 is not captured by this approach but by the approach develloped by Kell and 

2 i l _ l 

q f p - 2 



Tao in [13] . So the estimate (|3 . 2 1 |l is valid for all 2 < p, q < +oo satisfying - + — = | and we have 



also, 



e - ltH °F(s,.)ds 



<C\\F\ 



Li' (TR,Lp' (TZ)) ' 



i(t~s)H 



F{s)ds 



<C\\F\\ Lr . 



for all admissible pairs (q,p) and (r, s) satisfying - + - = ^,2<q,p< +oo. 



L1(m,L r ' (R.)) 

9 T P 2' 



L r '(H,L s '(7e)) ' 



By the same way we can prove Corollary 11.31 

According to (|3.2ip and [8], we have for p 6 (0, 4), that for any uo G L 2 (1Z) the equation 



iwt — A-r.ii ± |u| p u = 0, t 7^ 0, w = mo, t = 0, 

admits a unique solution w G C(IR, L 2 (7l) n P) ^LcC 111 ' ^C^-))- 

(q, r ) admissible 

The L? (7?.)-norm is conserved along the time, i.e., ||tt(t)||x,af7j.j = ll u o|| L 



□ 
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4 Expansion in generalized eigenfunctions 



The goal of this section is to find an explicit expression for the kernel of the resolvent of the operator 
H on the star-shaped network defined in section [T] First we separate the branches by extending 
the potential of the Schrodinger operator by zero on (—00, 0). Using [9], we construct N families of 
generalizes eigenfunctions of the resulting TV Schrodinger operators on PR, which we recombine on 
the network. This approach can be compared with the ones developed for Klein-Gordon equations 

in ft by mm. 

For each j = 1, . . . , N, we recall that Rj is identified to (0, +00) and denote by Vj the restriction 
of V to Rj . Consider Rj as a subset of PR and denote by Vj the extension of Vj by outside Rj . 

Now according to (see also [13]) for all z G C + := {zi G C : Sizi > 0}, there exist two 
functions fj,±(z,-) that satisfy the differential equation 

- f" >± (z,x) + VjWfjMzix) = z 2 fi,±{z,x) on IR, (4.22) 

and that have the asymptotic behaviour 

\f jt ±(z,x) - e ±lzx \ -4flasi^ ±00. (4.23) 

According to section 1 of (5] (see also [181 p. 45]) we write 

f jt ±(z,x) = e ±lzx mj,±(z,x), 

to remove the oscillations of fj t ± at infinity. The functions m,j.± are the unique solutions of the 
Volterra integral equations: 

mj,+ (z,x) = 1+ - — - Vj(y)m 3 ,+(z,y)dy, (4.24) 

J X 

e 2iz(y-x) _ 1 

mj,-(z,x) = 1+ / — Vj(y) mj ,-(z,y)dy, (4.25) 

J — 00 

and are called Jost functions (see [9] [17]). Recall that Lemma 1 of [9] (see also (2.5) of [18]) implies 
that 

\m j:+ {z, x)\ <C, Vie [0, 00), z e C + , (4.26) 

\m jt -(z,x)\ < 1 + C Y^U' Vi £ [0,oo),z G C + , (4.27) 

for some C > 0. Accordingly as fj,±(z,x) = e ±lzx m,j,±(z,x), we get 

\fj,+ {z,x)\ < C, Vi6[0,oo),zeC + , (4.28) 
\fj,-{z,x)\ < C(l +x)e azx , \/x G [0, oo),z 6 C + . (4.29) 

Property (|4.23[1 implies the existence of functions Tj, Rj,±,j = 1, . . . , N, called transmission and 
reflection coefficients, such that 

for r G IR. For future purposes, for all real numbers r, we need the scattering matrix Sj(r) G C 2x2 
associated with (I4.22|) given by 

Sj(r) = 



Tj(r) Rj, 2 (r) 
RiAr) Tj{r) 



and that is continuous on IR. According to [9] , Tj has a meromorphic extension to C + (with a 
finite numbers of simple poles that are non zero purely imaginary numbers) that is given by (see 
O p. 145]) 



1 , 1 



Tj(z) Hz 



1-77-/ V ] (y)m ] ,+(z,y)dy Vz&C + . (4.30) 



Since Vj has its support in (0, +00), by remark 10 of [5] Rj,2 admits also a meromorphic extension 
on <D + \ IR (with the same poles as the ones of Tj) that is given by (compare [5] p. 145] when z is 
real) 

^r^ = i kj +OC e2lzvVAv)m ^ y)dy WGC+ - ( 4 - 31 ) 

Due to the fact that V, is zero on (—00, 0), the generalized eigenfunctions fj t ± of the Schrodinger 
operators on the line have the following properties. 

4.1 Lemma. For all z £ C + , z 7^ 0, we have 

f jt -(z,x) = e~ lzx \fx<0, (4.32) 

h + M = T^/ ZX + ^*- iZX V«<0. (4.33) 

In particular, it holds 

&,-(*. 0) = 1, (4.34) 

£,+ M) = (4.35) 
t j\ z ) 

Proof. From the expression (|4.25p . we directly get (|4.32|) and (|4.34|) . The situation more complicated 
for fj,+. Indeed from the expression (|4.24[) . we see that 

r+00 e 2iz(y-x) _l _ 

mj, + (z,x) = 1 + I — Vj{y)m jl+ (z,y)dy,Vx<Q. 



2iz 



This is equivalent to 



mj,+ (z,x) = 1 — J ^ j ^^ mj '+ y ^ dy + 2iz J e2 " V ^iiv) m i.+i^v) d V 

= Vj{v)m j ,+{z,y)dy+ — / e 2xzy Vj{y)m^ + {z,y) dy,~ix < 0. 

Hence according to the expression of jr(Fj an< ^ ^'(1)^ given in (|4.30[) and (14.31 P . we obtain (|4.33[) . 
According to this identity we trivially have 

1 + 



/*+(*, o) = 



□ 



For our next considerations, we need that 

/a+(*,o)^o, 

at least for all z € C + close to the real axis. 
Therefore we make the following assumption: 



1+/ xVj(x)m x ,+(0,x)dx=£0,Vj = 1,...,N, (4.36) 
Jo 

that allows to obtain the next result. 

4.2 Lemma. If the assumption H4.3(ty holds, then there exists k > small enough and two positive 
constants C\ , C2 such that 

0i<|/i,+ (*,O)|<C a VzGB K , (4.37) 
where B K = {zi G C + : < 3zi < «}. 
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Proof. Recall that 

By (|4.30[l and (|4.31j) we see that (see property IV of Theorem 1 in [9], p. 149) there exist R, C > 
such that 

\Tj(z) - 1| + \Rsfl{z)\ < £,V|*| > R. (4.38) 

Hence (|4.37l) holds for all \z\ > Rq, with Ro large enough. 

Now for \z\ small, we remark that 1+ t j (z) Z ^ is different from zero for all z £ 1R \ {0} by using 
the properties II and V of Theorem 1 in [9] . Furthermore using (14.30(1 and (I4.31|l , one easily checks 
that 

li m 1 + R i' 2 } z ^ =1+ f Wj (t) mj + (0, t) dt. (4.39) 
T A Z ) J 

Consequently our assumption garantees that the continuous function fj,+ (-, 0) is different fom zero 
on the whole compact [— Rq,Ro] and therefore (|4.37[) holds for all real numbers z £ [— Ro,Ro]. 
By the continuity of fj,+ (-,0) on Bg> for S' small enough, we deduce that (|4.37[) holds for all 
z £ B K n {zi e C : Sftzi e [— Ro,Ro]}, by chosing k small enough. □ 

The assumption (|4.36[) is quite realistic and is satified by an extremely large choice of potentials. 
Let us list some specific examples. 

4.3 Lemma. 1. In the generic case, namely if 



then we have 



if Vj is non negative or if 



Vj(x)irij t+ (0, x) dx ^ 0, 



cVj (x)m jt+ (0, x) dx / 0, (4.40) 



x|V;-(x)| dx < In 2. 



2. In the exceptional case, namely if 

r+oo 

/ Vj(x)irij t+ (0, x) dx = 0, 
Jo 

then H4-40j ) always holds. 

Proof. In the exceptional case, by Theorem 1 of [9], there exist two constants c, C £ (0, 1) such that 

c < \Tj(r)\ and l-R^MI < C,Vr G 1R. 

Hence 



1 + Rj, 2 (r 



Tj{r) 



hm 

r-tO 
r£IR 

which implies that (|4.40p holds. 

In the generic case and if Vj is non negative, then m :)i +(0, •) is a non negative function and 
therefore (|4.40j) directly holds. 

In the generic case and if Vj has no sign, then the considerations of Lemma 1 of [9] shows that 

K,+ (0,0)| >l-(e 7 *-l), 

where 7^ = J Q t\Vj(i)\ dt. Hence if 2 - e'«J > 0, we deduce that 771^+ (0,0) is different from zero. 
This yields the conclusion since 



m 3 -,+(0,0) = /i,+ (0,0) = lim £,+(*, 0). 

z— J-0 



□ 
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Note that Vj = is an exceptional case. 

We now prove that Rj^{z) is continuous and uniformly bounded in _B K if re > small enough 
(suggested by Remark 10 of [9]). 

4.4 Lemma. For all j = 1, . . . , N, there exists a positive constant Cj such that 

\RjAz)\<c 3 , ,VzeB K , (4.41) 

for re > small enough. 

Proof. By Theorem 1 of there exists Ci > such that 

\Tj(z)\ < C*i,Vz £ B K , 

for re > small enough. Hence by (|4.3ip we deduce that (|4.41|l holds for all \z\ > e, for any e > 0. 

For z in the ball \z\ < e, we distinguish the generic case to the exceptional one. In the generic 
case, by part V of Theorem 1 of [9] , we know that 

Tj(z) = ajz + o(z), for 2 — > 

with ctj 7^ and again using (|4.31[) we deduce that (|4.41|) for \z\ < e. 
In the exceptional case, by (14.31 p we may write 



RM= 2ir{j (e 2 " V -W(y)^Az,y)dy + J V i (y)(m i ,+(z,y)-m i , + (0,v))dy 



because J + °° Vj(t)mj.+ (0, t) dt = 0. Therefore we obtain that 



\Rj,2(z)\ < Ci 



2i~z 



Vj(y)mj,+(z,y)dy 



vAv) 



™<j,+(z,y) - "tj.+(o,y) 

2iz 



dy 



For the first term of this right hand side, due to (14.261) we can directly apply the dominated 
convergence theorem to conclude that 



/ 

■Jo 



-°° e 2izy _ ^ 

2iz 



V](y)mj,+ (.z,y)dy - 



yVj(y)m j ,+(0,y)dy as z ->■ 0. 



Since this limit is finite, we deduce that 



+ oo e 2izy _ 

2iz 



Vj(y)m j ,+(z,y)dy 



<C, 



for \z\ small enough. 

For the second term, we use the same argument. Namely since Vj belongs to L5,(IR), by Remark 
3 of [9], the derivative rhk,+ of mfc >+ with respect to k exists and is continuous on C + . Moreover 
by Lemma 2.1 of [18], there exists C'2 > such that 



\m k ,+(z,y)\ < C 2 ,Vx > 0. 



(4.42) 



Consequently by using the mean value theorem we have 

™>i,+(z,y) -m,j,+ (0,y) 



2iz 

for some 6 G (0, 1) and therefore 

frij,+ (z,y) - mj,+ (p,y) 



m k ,+(0z,y), 



2iz 



< C 2 ,Vx > 0. 



The application of dominated convergence theorem yields 

- y . (p) m J , + (z,y)-m A+ (0,y) dy 
10 2lz Jo 

The conclusion follows since this right-hand side is finite. 



Vj(y)mj,+(0, y) dy as z -> 0. 



□ 
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We are now ready to give the different families of generalized eigenfunctions of H. 

4.5 Lemma. Under the assumption then for all z £ B K , z 7^ and all j G {1, • • • ,N}, 

there exist two generalized eigenfunctions F ^ : 1Z — > C of H defined by 



F±>>(x):=F±'{(x) VxeR k , 



where F is in the form 

z z ,k J 



F,A( X ) = C j ,±, 1 (z)f :j: ±(z,x) + C^± )2 (z)fj^(z,x), 



2 . J 



F%%x) = d 3 , k , ± (z)f k ^(z,x),\/k^j, 
and Cj,±,i(z), Cj,± >2 (z)and dj^ k ,±{z) are given by (modulo N) 

f j+ i,^(z,0) ( , n >Y^/t, T (z>0) 



(4.43) 



Cj,±,i(z) = 



I fj,±( Z > ) + f3,±( Z --°) 



/fc,=F( z .°) 

Wj,±(2:) is the Wronskian relatively to fj,±, namely 

Wj,±(z) = /j,±(z,iE)/j iT (*,a:) - /j, T («,a;)/,' i± (a,a;), 
t/iai is constant in x and different from (since z 7^ 0). 

Proof. We look for generalized eigenfunctions in the form (|4.43[) . the constants Cj,±.i(z), Cj,±,2{z) 
and dj yk ,±(z) will be fixed below in order to garantes the continuity of F ^ at and the Kirchoff 
law. This will show that F^ are generalized eigenfunctions of H since F^u satisfies 

~^ F %^) + Vi^F^z, x) = z*F% on R k . 

Since each branch j plays the same rule, we can take j = 1 and write ei,±,i(.s;) = ci, ci,±,2(z) = C2 
and di t k,±(z) = dfc. The continuity at is equivalent to 

ci/i,±(*,0) +03/1,^(2,0) = d*/ fcl = F (a,0) Vfe^l, 

while the Kirchoff law is equivalent to 



ci/U (*, 0) + c 2 fl T {z, 0) + J2 dhfkM*, °) = °- 



Since by Lemma l4.ll fh ^(z. 0) is different from 0, we will get 

d fc = yf*'?W i, 

and the continuity and the Kirchoff law reduce to 

j ci/i >± (*> 0) + c 2 / llT (z, 0) = -d 2 f 2 , T (z, 0) £r= 2 |^y- 

This 2x2 linear system in ci and c 2 has a unique solution since its determinant is exactly Wi,±(z). 
The resolution of this system leads to the conclusion with the choice d 2 — 1. □ 
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4.6 Remark. The choice (|4.43[1 was guided by the simple case when N = 2 and Vh = 0, ft = 1, 2. 
In that case, we recover the standard generalized eigenfunctions, namely 

F ± 2 ; 1 1 (x) = e ±i ^,Vx>0, 

as well as 

F**{x) = e* i *',Vx>0. 
According to Lemma 14.11 we see that 

, . izN 



which is always different from 0ifz€<D + ,Z7^0, while 

AT 

izfj+i,+ (z, 0) v-^ 1 - RkM z ) 



_ izj j+ i,+ (z,v) sr^ i 



Wj,-(z) ^l + R k2 ( z )' 
fc— 1 

is not clearly different from zero. This is investigated in the next Lemma 

4.7 Lemma. Under the assumption fr4-3(fy , there exists k > small enough such that 

1-RkAz) 



satisfies 



fc=l 



\s(z)\ > C.Vze B„, (4.44) 

/or some C > 0. 

Proof. Clearly s is continuous on £> K \ {0} for k small enough, hence we first analyze the behaviour 
of s near z — 0. 

For z £ B K \ {0} and ft e {1, ... , N}, we write 

l-Rk,2(z) _ l-Rka{z) T k (z) 



Sk{z) 



1 + RkAz) T k{z) l + RkA z ) 



The absolute value of the second factor is uniformly bounded from below on B K thanks to Lemmas 
l4~Tlandl4T2l 



For the first factor, we distinguish between the generic and the exceptional case: In the excep- 
tional case, 

\T k (z)\ > c fc ,Vz 6 B K , 
for some c k > (and k small enough) and therefore s k is continuous on B K . 
In the generic case, using (|4.30l) and (|4.31[) . we may write 

n kM ,_ 1 _ i + e v k (y)m kt+ (z,y)dy WeC + ,z/0. 



T k (z) J Q 2iz 

As underlined before, the derivative rh k ,+ of m k ,+ with respect to k exists, is continuous on C + and 
satisfies (|4.42p . Accordingly, using the mean value theorem and the dominated convergence theorem, 
we get for all z 7^ small enough 

1 - R k ,2( z ) , V k 

rp~( \ = 1 - t- + r k {z), 

l k (z) iz 

where r k is a continuous function at z = and v k — J + °° V k (t)rn k>+ (0,t) dt (that is different from 
zero because we are in the generic case). 

In the same manner we can refine ()4.39[1 and prove that 

1 + Rk,i{z) _ (i) 
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7,, + zr k >(z), 



where r' 1 ' is a continuous function at z = and j k = l + / + °° *Vfe(i)?7ife,+ (0, t) dt that by hypothesis 
is a real number different from 0. Consequently for z small enough we will get 

where r' 2 ' is a continuous function at z = 0. 

The two previous expansions show that for all z 7^ small enough 

where r' 3 ' is a continuous function at z = 0. 

In summary, we have obtained that for all z 7^ small enough 

s(z) = -— V —+r(z), 
iz ^ 7 fc 

fcgcncric 

where r is a continuous function at z = 0. 
Now we can distinguish two cases: 

i) If N — = 0, then s is continuous at 2 = 0, and therefore s is continuous on B K . 

^ 7fc 

fcgcncric 

ii) If K := \ — 7^ 0, then s blows up at z = and therefore there exists (5o small enough such 
that 



. 7fc 

fegcncric 



K*)|>^t,V|z|<« . (4.46) 

2 \z\ 



Now for |z| large, by (|4.38l) we have 



lim s k (z) = 1, 

z|-> + oo 



hence there exists -Ro large enough such that 

N 

$ts(z) > — ,Vz £ B K : \z\ > Ro- (4.47) 

For small value of \z\, we first restrict ourselves on the real line. First we notice that 
Rsk(z) - _ 1-1^(.)| 2 

But according to parts II and V of Theorem 1 of [5], 

|-R fc , 2 (*)| < 1, Vz€lR,z/0, 

and therefore 

Ks fc (z)>0, Vz€lR,z/0. 
Now thanks to (|4.39p and to the relation 

l-\Ru^z)\ 2 = \T k {z)\ 2 , 

valid for all real numbers z, we deduce that 

i-lfl*. 3 (*)l a = j_ 

~o\l + R k , 2 (zW iV 

where 7*, = 1 + J + °° tVj (t)mj,+ (0, t) dt that by hypothesis is a real number different from 0. 
This shows that 

JV 



lim Ks(z) = -h>, 



fc=i 
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and consequently as 5Rs is a continuous function on IR that is different from zero for all real numbers, 
due to (|4.47p , it satisfies 

> C,Vz G ]R, (4.48) 

for some C > 0. 

In the first case mentioned before, namely if K = 0, then by the uniform continuity of 5Rs on the 
compact set B K n {zi G C : < zi < Ro}, where i?o is the parameter introduced above, we deduce 
that 

$ls(z) > C/2,Vz G B K/ n {21 G C : |zi| < R }, (4.49) 
if k' is chosen small enough. In that case the conclusion directly follows from (|4.47p and 1)4.4911 . 
In the case when K 7^ 0, we use the uniform continuity of 5Rs on the compact set B K n {zi G C : 



in 

2 



< zi < Ro} (where Ro,8o are the parameter introduced above), and (|4.48[) to conclude that 

Rs(z) > C*/2,Vz G B K , n {21 G C : y < |zi| < Ro}, (4.50) 

if k' is chosen small enough. 

In this second case the conclusion follows from 1)4.461) . (|4.47l) and (I4.49[) . □ 

4.8 Corollary. Under the assumption ^4-36^ , for k > small enough there exist two positive 
constants c\ , C2 such that 

Ic^-,!^)^,-^)! > ci\z\, Vz€B K , (4.51) 

< C2\s(z)\, VzGB K . (4.52) 



Proof. As 



() _ izfj+i,+(z,a) ( ) 
Cj '-' l{Z) - W it -(*) 1 j ' 



by the previous Lemma and Lemma 14.21 we deduce that (|4.5ip holds. 
By its definition and Lemma 14.11 we may write 

£+!,+ (*, 0) A , l-iifc(«) 



hence thanks to the definition of s(z), we obtain 

"~' 2() l v i + i? J , 2 ( 2 ) +s(2) 

Now recalling that 

Wj,-(z) = -W it +{z) = 2 ' : 



Tj(z) 
we can write 

/i + i,+ (z,0) ( 2R j , 2 {z)T j {z) 



•^w - Kfw + s( ^' (0) ' • (4 - 53) 



By Lemmas 14.11 14.21 14.41 and 14. 71 we deduce that there exists Ci > such that 

|c,-,_, 2 (z)| < Ci(l + |«(*)|) < (§- + d)Kz)|, 
with the constant C from (|4.44|l . □ 



4.9 Corollary. Under the assumption \4.,36^ , and if Vk G L*(0,oo) with 7 > 5/2, /or all k 
1,...,N, then for all R > 0, s" 1 belongs to H 1 (-R, R). 
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Proof. With the notation from the previous Lemma, we see that r k is given by 

rfe(2) = / + ^^(^+(0,y)-(l + e 2lzy )rn k ,+(z,y)) dy, 

and is continuous on IR. Moreover for z G IR* = IR \ {0} we easily see that r k is differentiable at z 
and that 

fk{z) = - J -^jzj- (2m fc ,+ (0, y) - g k ,+ {z, y) + zg ki+ (z, y)) dy. 
where for shortness we have set 

gk.+ (z, y) := (1 + e 2lzy )m k ,+ (z, y). 
But the mean value theorem implies that 

gk.+ (z,y) = 2m fe ,+ (0,y) + zg k ,+ (6z,y), 
for some 6 G (0, 1) and therefore 

^ (2) = / (9kM8*,y) - 9k,+(*,y)) dy, v^gir*. 

As 

9h,+{z, y) = 2iye 2tzy m k ,+ (z, y) + (1 + e 2tzy )m k ,+ (z, y), 
the previous identity can be equivalently written 

/■+oo 

h(z) = / V k (y)(ym ki+ (6z,y)- 



+ ye 



z 

2izy m kt+ (6z,y) - m,k,+(z,y) 



+ m k ,+(z,y) 

+ {l + e ^y ) rh k . + (ez,y)-m k , + (z,y) )dy ^ ^ £ M * 

Again by the mean value theorem we get 

r*(«) = / K fc (j/)(2ij/ 2 m fe , + (fe I j/)e 2i9 '^(^-l) 
Jo 

+ ye 2lzy m k , + {e"z,y){6-l) 
+ 2iye 2ie ' zy (e-l)m k , + (z,y) 

+ {l + e ^y ) rh k . + (ez,y)^ra k , + (z,y) ) ^ g 

for some 0" G (#, 1). Note that we cannot apply the mean value theorem to the last term since 
rh k>+ is not differentiable. But according to Lemma 2.2 of [18] we have 

\m k ,+ (z,y)-th k , + (0,y)\ <C\z[<- 2 , Vy > 0, (4.54) 

for some C > independent of z and y. This estimate, (|4.26p and (14.42[) lead to 

r+oo 

\r k (z)\<C \V k {y)\{y 2 + y + \z[<- 2 )dy, Vz G IR*. 

Jo 

for some C > 0. Hence according to our hypothesis on V k , we get 

\r k {z)\ < Ci(l + | z | 7 - 3 ), V2GIR*, 

for some C\ > 0. 

This estimate and the continuity of r k imply that r k belong to H 1 (—R, R) for any R > due to 
the hypothesis 7 > 5/2. 
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In the same way we need to precise the splitting (14.45[1 on the real line (actually near 0). For 
that purpose, we consider 

:= m fc , + (*,0)-m fc , + (0,0) £ 

2 

and show that y*. belongs to If (— R, R) for any i? > 0. First g k is continuous at because m ky+ (z, 0) 
is in C 1 (IR). Second by Leibniz's rule we have 

■ / \ m fc;+ (z, 0)2 - (m fcj+ (z, 0) - m fcj+ (0, 0)) 

z z 

and therefore by the mean value theorem we get 

/ v rh fc , + (z,0) - m fc , + (fe,0) 

9k{z) — - , 

for some 6 £ (0, 1) and we conclude by (|4.54f) . 
But we see that 

q)- 1 = i^+Mr 1 +hk ( Z ) = -L+ hk[z) 

z z -y k z 

with 

hk f z \ - m fc>+( 2 > °) _ m k,+ (0, 0) _ gk(z) 



zm fc , + (z,0)m fc , + (0,0) m fc , + (z, 0)m fej+ (0, 0) ' 

According to the previous considerations, g k belongs to H 1 (—R, R), for any R > and since 
ro/c,+ (-,0) belongs to C 1 (IR) and is uniformly bounded from below (due to Lemmas 14.11 and 14.21) . 
mfc ^ ^ is also in C 1 (IR). Therefore /i^ also belongs to H 1 (-R, R), for any R > 0. 

Coming back to s, recalling that 

N 

s(z) = yVl + ^ + r fc (z))(m fc , + («,0))- 1 , 
* — ' z 

fc=l 

we have finally shown that 

, s K 

s(z) = j— + r s (z), 
where r s belongs to H 1 (—R, R), for any R > 0. 

Now we distinguish the case K — to the other one: In the first case, we have that s — r 3 
belongs to R), for any R > and since s is uniformly bounded from below by the previous 

Lemma, we deduce that - belongs to _ff 1 (— _R, R), for any R > 0. 

If if ^= 0, then 



s(z) iK + zr s (z)' 

that is a continuous function in IR and moreover for z £ 1R* , we have after elementary calculations 

d 1 iff + z 2 r s (z) 



dz s (iif + zr s (z)) 2 

Since this right-hand side is in L 2 (—R,R), for any 7? > (because the denominator is different 
from zero near 2 = 0, while by the previous Lemma, for any z £ IR* s(z) > C is equivalent to 
\iK + zr s (z)\ > C|z|), we still conclude that - belongs to H 1 (—R,R), for any R > 0. □ 

4.10 Corollary. Under the assumption \4.3(fy , and if V k £ 1/^,(0, +oo) with 7 > 5/2, i/ien t/ie 
/unction 

fj+i,+ (z,0)s(z) 

•s to tf 1 (-i?, i?) /or all R>0. 
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Proof. By (|4.53[1 . we see that 



/,-+!,+ (*, O)s(z) 2\(l + J? j;2 ( 2 )) S ( 2 ) JV 7 2 \f jl+ (z,0)s(z) 

But according to Remark 10 of [5], Tj is analytic in a neighbourhood of the real line, hence it is at 
least in C 1 (fR). On the other hand fj t +(z, 0) = mj,+ (z,0) is C 1 (IR) due to Remark 3 of [9], hence 
j. o) nas ^ ne same property due to Lemma [4.2l Finally the identity (|4.35[) of Lemma |4. II yields 

flj.a(*) = /i,+ («,0)T j («)-l, 

hence it also belongs to C 1 (1R). 

The conclusion follows from the previous Corollary and these regularity properties (the product 
of a C 1 function with a H 1 function is still in H 1 ). □ 

4.11 Definition (Kernel of the resolvent). Let the assumption be satisfied, then for all 
z £ B K , z 7^ 0, all j £ {1, ■ • ■ , N}, and all x £ Rj, we define (modulo N) 

^F-'^F-f^x'), for x' e Rj, x' > x, 
K(x, x', z 2 ) = { w ^F-f 1 (x)F-^ j (x'), for x' £ R h x' < x, 
w l^F-f l (x)F-^(x'), for x' £R k ,k^ j, 

where Wj{z) = <^,-,i(z)dj+i,j,-(z)Wj,-{z). 

4.12 Theorem. Let the assumption be satisfied and let f £ H. Then, forx £ 1Z and z £ B K 
such that Qz > 0, we have 

[R(z 2 ,A)f]{x) = / K(x,x',z 2 )f(x) dx. (4.55) 
Jtz 

Proof. Fix j £ {1, . . . , N}, and z as in the statement. Then we notice that the Wronskian Wj(z) 
between F~ 2 ' 3 . and F~ 2 ' 3+1 is different from zero, namely by Lemma 14.51 we have 

2 ,3 2 ,3 

W s {z) = \F->i,,F-f\x) 



F- 2 ' 3 . 
2 ,j 



(x) (F-f i y(x)-[F--^\x)F-f\x) 

= ( C 3 ,-A Z )f3,-( Z ' X ) + C 3.-,2( Z )f'j : +( Z ' X )) d 3 + l,3,-( Z )f3,+ ( Z > X ) 
- ( C 3,-,l( Z )f3-( Z , X )+ C 3,-Az)f ] ,+ (z,x))d j + 1J -(z)f' :ji+ (z,x) 
= C 3-A Z ) d 3 + -t,3-( Z )Wj~(z) 

Hence by Lemma 14.21 and Corollary 14. 8 1 this Wronskian is different from zero. 

Consequently the same arguments than in Proposition 3.2 of [3] show that (|4.55[) holds. The 
main ingredient is that we can apply the dominated convergence theorem because the generalized 
eigenfunction F^'^ is in L 2 (Rk) if j 7^ k. □ 

4.13 Remark. The choice of the kernel comes from this Theorem because F\' 3 . is not in L 2 (Rk) 



Here and below the complex square root is chosen in such a way that V r ■ e 1 ^ = ^/re 1 ^^ 2 with 
r > and <j) £ [— it, tt). Accordingly for any positive real number A and any e > 0, we will define 



z e = V A + ie 

that will be in C + . 

4.14 Theorem (Limiting absorption principle). Let the assumption \4-3(fy be satisfied. Let S > 
be fixed. Then for all real numbers \ >0,0<s<5 and (x, x') £ 1Z 2 we have 

1. lim q-k) K(x, x , z 2 ,) = K (x, x' , A), 

Q>0 
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2. \K(x,x',z 2 £ )\ < -C=e^ x+X "> , where < 7 < max{l,<5}. 

Proof. The first part of the Theorem is direct since A + ia tends to A as a > tends to and 
consequently 

VA + ia — > vA, 

as a > tends to 0. We further use the fact that the functions fj,±(-,x) and /j ±('i x ) are continuous 
in C + for any fixed x G IR. 

For the second part of the Theorem, we first use the estimates (|4.28p and (|4.29[) . this last one 
implying 

\fj,-{z e ,x)\ <C(l + x)e^ x < C(l + :r)e max{M}a \ Vxe[0,+oo), (4.56) 
where we have used the property 



V A + ie\ < max{l, Q(\ + is)} = max{l, e}. 



Notice that by the definition Wj(z) = Cj,-,i(z)dj+i,j,-(z)Wj,-(z) and by Lemma [4.2l and Corol- 
lary [478] we get 

\W 3 (z)\>C\z\, (4.57) 

for some C > 0. 

Now we distinguish between the following three cases: 
1. If x, x' £ Rj with x' > x, then 

K(x,x',zl) = 777^F-' J .(x)F-' j+1 (x') 

J^r(cj,-A^)fj,-(Ze,x) +Cj-, 2 (Ze)fj,+ (z e ,x))jdj+l,j,-(Ze)fj,+ (Ze,x') 



fj^{Ze,x)fj, + {Zs,x) + C J- ' 2 W ' f ji+ (z e ,x)f j>+ {Ze,x'). 



iz e f j+1 ,+ (z s ,0)s(z e ) 
As there exists c > such that 

\Wj,-(z)\ > c\z\,Vz G C+, 
by Lemma 14.21 and Corollary 14.81 we obtain 

C 

\K(x,x',Ze)\ < 1 -J\fj,-(z e ,x)\ + \fj,+ (z e ,x)\)\fj,+ (Ze,x')\. 

\Z e \ 

The estimates (I4.28|l and (I4.56P then yields 

\K(x,x',z 2 c )\ < 1^,(1 + (i + a0e max{1 '' 5}!c ). (4.58) 
\z e \ 

2. If x, x' £ Rj with x 1 > x, then 

K[x,x',g) = T7-^F-' J+ \x)F-' J .(x'), 
and the above arguments (by simply exchanging the role of x and x') yields 

\K(x, x', z e )\ < -^-Al + (1 + x')e m ^ {1 ' s}x '). (4.59) 



3. If x £ J£j and x' £ 7?fe with k 7^ j, we have 

K{x,x',zl) = -J—F- 2 ' i+1 (x)F- 2 J ,(x') 



1 dj+l,j,-(Ze)fj,+ (^,x)d j+llk -(Ze)fk,+ (z e ,x). 



Wj(z, 

Hence by Lemma 14.21 and the estimates (|4.28p and (|4.57l) . we obtain 



\K(x,x',zl)\ < ^- (4.60) 



z s 



The estimates (I4.58[) . (|4.59[) and (|4.60p imply the conclusion since \z e \ > VX. □ 
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4.15 Theorem. Take f 6 "H with a compact support and let < a < b < +00. Then for any 
continuous scalar function h defined on the real line and for all x G Rj, we have 



(h(H)E(a,b)f)(x) = 



( h(X)^2 [ f{x')QK(x,x',X) dx dX, 



where E is the resolution of the identity of H. 

Proof. The proof is similar to the one of Lemma 3.13 of Q] (see also Proposition 4.5 of [4]) and 
is therefore omitted. The main ingredients are the use of Stone's formula, Theorem 14.121 and 
the limiting absorption principle Theorem 14.141 (that allows to apply the dominated convergence 
theorem). □ 

5 Proof of Theorem 11.11 
5.1 High energy estimate 

It is clear that for V G L 1 (7?.), H is essentially self-adjoint on the domain 

{/ = ifk) e L 2 (TZ); /,/'a. C .and-/" + y/eL 2 (7l); / f (0) = / fc (0), Vj, k = 1, N, 

tf(o)=o| 

fc=i ) 

so that e ltH is unitary. Hence the dispersive estimate is to be understood as the statement 
Which then extends to all of L 1 (7?.). We start with the high energy part of the argument. 

4(iV— l) 2 II V II 2 

5.1 Lemma. Let Ao = 1 and suppose \ ^ s a smooth cut-off such that x{X) = for 

X < Xo and xW = 1 f or ^ > 2Ao- Then there exists C > such that 

\\e tH x(H)\\ hao <C\t\- 1/2 ,\ft^0. 

Proof. In the limit e — > + the resolvent Ro(X + ie) = — (A + ie)^ , according to [3] has 

the kernel, for x £ Rj, j = 1, N, 

K ( ' \ + m - _±!_ / e^^'^, x' £R~ k ,k^ j, 
K o[ X,X,A±lU)- | ^ e±i \ x - x '\Vx + {l _N )e ± i{ * + *>)Vx^ x , 

and therefore 

I , , _/V — 1 , o 

\K (x, x ', X ± 0) < — , V(x,x') e TV. (5.61) 

1 ~ nVx 

Then, because of the decay of this kernel in A, the resolvent Rv(X + ie) = (H — (A + ie)) -1 can be 
expanded into the Born series 

Rv(X ± iO) = R o( x ± iO){~VR (X ± i0)) k . (5.62) 

k>0 

More precisely, due to (|5.61[) one has 

\\Ro(X±tO)\\ ltOC <(N-l)(N^X)-\ 
and therefore due the assumption on V , one gets 

\\VR (X±iO)\\ hl <^^ \\v\i,. 
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so that (|5.62p converges provided A > Ao = 4< ~ N ^r^~^ i n the following weak sense : 
(flv(A ± iO)f, g)=J2 ( R °( x ± ^(-^('(A ± *0)) fe /, ff) 

fc>0 

for any f,g £ L l {1Z). For such functions it is a standard fact that 

Rv(X-iO)g e L°°(TZ) 

provided A > 0. Therefore, the error term in any finite Born expansion, i.e., 
Rv{X + iO){VR (X + iO)) k , tends to zero weakly as k — > 00 provided A > Ao since 

\(R v {X + iO){VR (X + iO) k f,g)\ < \\ (VR (X + i0)) k f\\ 1 \\R V (X - iO)g\\, 



(—)' 



\V\\t \\fh \\Rv(\-iO)g\\ c 



We introduce now a truncated version \l of the cut-off \ ■ XL — xWfiij;)' wnere 4 1 ls smooth, 



0(A) 



1 if I A| < 1 
if I A I > 2, 



and L > 1. 

We need to show that 



SM V \{e UH XL {H)f,g)\ <C\t\-^ 2 ll/H, \\g\l, 



for any f,g £ CS°(TZ). The absolutely continuous part of the spectral measure of H, which we 
denote by E a c(d\), and resolvent Rv(X + iO) are related by the well-known formula 

(E ac (dX)f,g) = (5^ [Rv(X + iO) -R V (X- iO)] f,g\ dX. 
Since XL(H)E(dX) = XL{H)E ac {dX) one concludes that 



\(e UH X L(H)f,g)\ = 



(2™)" 1 / e " A x(^)^{Ro(X 2 +iO)(VRo(^+iO)) k f,g)dX 



where we have first changed variables A — > A 2 . 

The kernel of R (X 2 + iO)(VR (X 2 + i0)) k is given by the formula 

K{x, y, X 2 + iO) = 

/ 1 [ K(x,X!,X 2 +iO) K(xk,y,X 2 +iO) K(x!,X2,X 2 +iO) ... K(xk-2,Xk-i,X 2 +iO)dx 1 ...dx k - 

Uk V7=i / 



This allows to apply Fubini's theorem and obtain 

k 



\(e tH XL (H)f,g)\<J2 



fc>() 



N — 1 



NVXo 



sup 

aSIR 



i(t\ 2 + a\) 



X L(X 2 )X- k X k/2 dX 



IvTII/llilMli- 



Since the quantity inside the absolute values is the solution of the free Schrodinger operator on fR 
at time t and position a, the dispersive bound for this operator yields (or simply applying Parseval 
identity, see [101 p. 161] for more details) 

\(e™XL(mf,9)\<C{V)\t\- 1 ' a \\f\\ 1 \\g\\ 1 , 



where G(V) = 2 sup sup 

k>0 L>1 

1611. 



J 7 " 



Xl (A )A A 



* > fc/2 



that is finite due to the arguments from [101 p. 

□ 
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5.2 Low energy estimate 

For any smooth and compactly supported cut-off function \ m IR-j by Theorem 14.151 we have for 
any x, x' £ R 



2m J e tx xWEac(d\)(x,x') = -2m \ e u \(X)QK{x, x, X)dX, 
and by the change of variables A = fi 2 , we get 

/> + oo 

2in / e itx xWEac(d\)(x,x') = -4in I e u >*~ x((j?)QK(x, x' , fi 2 )^. 



Now recalling the definition of K, we again distinguish between the following three cases: 
1. If x, x £ Rj with x > x, then 

K(x,x',fi 2 ) = 1 f j ,-( f j.,x)f j ,+ ( l i,x') + Cj '~/ 2 ^ n l i ~> fi,+ (V;x)fj,+{^ x ')- 



As fj,±(fJ>,x) — fj,±(—^,x), we deduce 



2 1 

2i-K I e tx x{\)E ac (d\){x,x) = -2in I e ltM xi^HTTr — T^fi-{^ x )h,+ {^ x ') d ^ 



The first term of this right hand side was estimated in Lemma 4 of |10] . hence it remains to 
estimate the second term. For that purpose, we set 

T 2 (t,x,x) := / e l * M x(p 2 ) f ^T^V ? ^ fj,+ (^ x )fj-+(^ x ') d l I 

x(M 2 )e'" (3;+3: 't J '7' 2 ^ I \ m ^+i^ x ) m i,+ (^ x ') d ^ 

Hence denoting by 



/j+i.+ (M,0)s(/i)' 

we have shown in Corollary 14. 101 that this function belongs to H 1 (—R, R), for all 7? > 0. Since the 
mapping 

<7 = M -> x(M 2 )^j.+ (M, ^m^+tn, x), 
has compact support and is in C (IR) with the property 

|9(m)I + |9(m)I <c, 

for some C > independent of a; and a;' due to (|4.26[) and (|4.42|) . we deduce that the product pq 
belongs to H 1 (EV). By Plancherel theorem (see for instance |16l p. 60]), we deduce that 

T 2 (t,x,x') = t 3 / F(pq)(£ + x + x')e- * d£. 

and consequently 

i r + °° 

\T 2 {t,x,x')\ < \t\ ' / |J"(P?)(£ + x + x')\d£ 



< / i^(P9)(e)|de 

«/ — oo 

< C|tr»||M|| Hl (]a). 
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for some C > 0. 

2. If x, x' £ Rj with x' < x, then 

K(x,x',fi 2 ) = 1 ,. fj,-(n,x')fj,+ (n,x) + . Cj '~^ M n l / ■, fj,+ {^, x )fo,+{^ x ')- 

In that case the first term was treated in Lemma 4 of |10J . while the second term is the same as 
before. 

2. If a; £ Rj and x' £ Rk with fc 7^ j, then 

K(x,x',fj?) = — L___/ j+ (^ a5)/ fc)+ (/i,x')- 



2i?r / e l * A x(A)£ ac (dA)(:r,x') = 2?r / e ltM x(jU 2 H r~7vT77 \ fj,+ (v> x )fj,+ (f J -> x ') d f J " 



Therefore in that case we have 

p + 00 /> + oo 

/j+i,+ (m»0)s(/x) 

Since -5 =-7 — ^ is in C^IR), by Corollary 1131 the function 

1 







/' 



□ 



/j+i.+0,o)sO) 

belongs to H 1 (—R, R), for all R > and we conclude as for T2(t,x,x'). 
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